J. Fluid Mech. (1991), vol. 225, pp. 177-196 177
Printed in Great Britain

Virtual mass and drag in two-phase flow
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We study virtual mass and drag effects in a fluid suspension consisting of spherical
particles immersed in an incompressible, nearly inviscid fluid. We derive average
equations of motion for the fluid phase and the particle phase by the method of
ensemble averaging. We show that the virtual mass and drag coefficients may be
expressed exactly in terms of the dielectric constant of a corresponding dielectric
suspension with the same distribution of particles. We make numerical predictions
for the case of an equilibrium distribution of hard spheres.

1. Introduction

It is well known that a single body suspended in an incompressible, inviscid fluid
experiences a reaction force when accelerated, due to the inertia of the surrounding
fluid (Landau & Lifshitz 1961; Batchelor 1967; Milne-Thomson 1968; Lighthill
1986). For a spherical particle the corresponding virtual mass is just one half of the
mass of the fluid displaced by the particle (Kelvin, see Lamb 1932, chap. 6). In the
case of many particles the virtual mass is modified owing to hydrodynamic
interactions. For a suspension of particles one may define a transport coefficient
which plays the role of virtual mass in the average equation of motion. One wishes
to find this coefficient as a function of the volume fraction occupied by particles.
Similarly, for a slightly viscous fluid the drag coefficient is modified from its single-
particle value owing to hydrodynamic interactions. One wishes to find the drag
coefficient appearing in the average equation of motion as a function of volume
fraction.

The concentration dependence of the virtual mass has been studied by many
authors (Zuber 1964 ; Buyevich 1971; van Wijngaarden 1976; Cook & Harlow 1984 ;
Geurst 1985 ; Kok 1988 ; Biesheuvel & Spoelstra 1989). At low concentration one may
consider the series expansion of the virtual mass in powers of the volume fraction.
For the case of massless particles, or bubbles, van Wijngaarden (1976) has calculated
the coefficient of the linear term in the expansion. For higher concentrations only
approximate results have been obtained. In an early article Zuber (1964} derived an
approximate expression for the virtual mass on the basis of a cell model. Van
Wijngaarden’s coefficient does not differ much from the value obtained by expansion
of Zuber’s expression in powers of the volume fraction.

In the following we show that the virtual mass and the drag coefficient may be
expressed exactly in terms of the effective dielectric constant of a related dielectric
suspension of spherical particles with the same geometric distribution. This mapping
allows one to derive results for virtual mass and drag from results obtained for the
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dielectric problem. We find a different value for the coefficient calculated by van
Wijngaarden. Zuber’s expression for the virtual mass follows by approximating the
dielectric constant of the related problem by its Clausius-Mossotti value. On the
basis of the theory of dielectrics we propose an approximation scheme which allows
accurate evaluation of the virtual mass and drag coefficient even at high volume
fractions.

Our analysis is based on the linearized Navier—-Stokes equations for an
incompressible fluid. Thus we study only the limit of low Reynolds number. In the
microscopic picture we consider a disordered configuration of identical spheres which
are subject to small applied forces oscillating at a given frequency. As a consequence
the spheres perform small oscillations about their rest positions. We study the limit
of small viscosity, or equivalently the limit of high frequency. In this limit the fluid
flow may be derived from a potential, except in a thin boundary layer surrounding
each sphere. For the linear flow situation under consideration we obtain macroscopic
equations of motion for the two-phase system by averaging over an ensemble of
configurations. The virtual mass is found as an inertial coefficient in the linear
macroscopic equations. The drag coefficient is found as a transport coefficient
describing the friction between the two phases. Owing to hydrodynamic interactions
both coefficients depend on the concentration of spheres.

In the following two sections we consider first the solution of the flow equations for
a single sphere. Subsequently we study the hydrodynamic interactions between
many spheres and perform the ensemble average. We show that the virtual mass and
drag coefficient may be obtained from a related dielectric problem. The macroscopic
equations may be written in a variety of different forms which lead to various
possible definitions of the virtual mass. We indicate the relation between different
definitions which have appeared in the literature.

2. Single-particle equation of motion

We consider a spherical particle of radius ¢ and mass m, immersed in an
incompressible fluid of mass density p. We study first the case of an ideal fluid and
neglect viscosity. We denote the local fluid flow velocity by o(r) and the fluid pressure
by p(r). The instantaneous position of the centre of the sphere is denoted by R and
its translational velocity by U. The sphere is assumed to be impermeable to the flow.
Hence the velocity components normal to the surface must satisfy the kinematic

boundary condition
v,=U, at |r—R|=a. (2.1)

If the flow is irrotational the flow velocity can be derived from a scalar potential ¢
according to

v=—Vg. (2.2)
Incompressibility of the fluid is expressed by V-»=0. As a consequence the
potential ¢ satisfies the Laplace equation V3¢ = 0. If the flow at infinity is uniform
the instantaneous flow pattern is
12300 vy, re>a, 2.3)

o
where r, = r—R. The force exerted on the sphere by the fluid is given by

K=— f phyds, 24)
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where the integral is over a spherical surface just enclosing the particle. The force is
found to be (Landau & Lifshitz 1961; Batchelor 1967)

K= —lm dU+%mf%,

Pl S (2.5)

where m, = (§7) pa® is the mass of the displaced fluid. If an external force E is applied
to the particle, then the acceleration of the particle is given by

d
(mp+%’mr)£j= E+%””r§-

% (2.6)

This shows that the effective mass of the particle is the sum of its own mass m, and
the added mass ym;. In the following we wish to investigate how the added mass is
modified by hydrodynamic interactions in a system of many spheres. We wish to
include the frictional force and consider a slightly viscous fluid described by the
linearized equations of motion

p%%} =9Vy—Vp, V-v=0, 2.7

where 7 is the shear viscosity. The kinematic boundary condition (2.1) must then be
supplemented with an equation relating the velocity components of fluid and particle
tangential to the surface of the sphere. We use the mixed slipno-slip boundary
condition (Felderhof 1976)

vt—(U+!)xr0)t=%(c-n)t at r,=a, (2.8)

where £ is the rotational velocity of the sphere. The proportionality constant ¢ plays
the role of slip parameter and (6 - n), is the normal-tangential component of the fluid
stress tensor @, defined by

Oop = 7(0, vﬂ+6ﬂ va)—p&zﬂ. (2.9)

We consider small translational motions of the sphere about its rest position R due
to an applied force E(t) and a uniform incident flow v,(¢). Because of linearity it is
convenient to do a Fourier decomposition in time and to consider harmonic time
variation of the force E(t) = E_exp (—iwt) and incident flow vy(t) = v, exp (—iw?). In
the limit of small viscosity the solution of the flow equations (2.7) reads (Felderhof
& Jones 1986)

A

1-3F,F,

3

vm(r) = vOm_%a’a r
0

( Um - va)

1\exp[—a(r,—a noa
+3(1+%) Pl arf, 0] (L =Fyfy)-(U,—1b,,), ro>a, (2.10)
where @ = (—iwp/7)i, Re (@) > 0. The slip parameter ¢ takes the value ¢ = 0 for no-
slip and the value ¢ = oo for perfect-slip boundary conditions. Clearly the first two
terms on the right in (2.10) correspond to the solution (2.3). The last term describes
a thin boundary layer near the surface. The force exerted by the fluid on the sphere
now follows from

Kw=fcm-r‘ods. (2.11)
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As a result one finds, for small viscosity,

K = (% lwmf_g) (Uw— vOm) _iwmf Uw’ (212)

@

with the friction coefficient (Felderhof 1976)

= 6m]a(2+%). (2.13)

The linearized equation of motion for the particle inay be written
[—iw(m,+3m)+ L) U, = E,— Giwm;—{) v, (2.14)

This corresponds precisely to (2.6) with the additional effect of friction included.

We note that for perfect slip (c = o0) the friction coeflicient takes the value { =
12ntga. This is precisely the value calculated by Levich (1962) from the energy
dissipation in the irrotational flow pattern (2.3). The expression for the energy
dissipation is quadratic in the flow velocity, but may be derived from the linear
equation (2.7), so that our calculation is consistent with that given by Levich. As
shown by Levich, in the case of irrotational flow the energy dissipation may be
expressed in terms of a surface integral. The additional friction for finite values of the
slip parameter is due to additional dissipation in the boundary layer described by the
last term in (2.10), where the flow has non-zero vorticity.

The dimensionless parameter characterizing the importance of nonlinearity is
given by the Reynolds number palU/». The dimensionless parameter characterizing
the importance of the viscous stress for the rate of change of momentum is given by
(lefa)~2 = n/wpa®. The above equations are valid in the limit where both parameters
are small. In the following we shall consider small motions of a many-sphere system
under the same conditions. We shall derive a generalization of the equation of motion
(2.14) with an added-mass term and a generalized friction coefficient dependent on
the local density of spheres.

3. Potential flow about a sphere

For the study of hydrodynamic interactions it turns out to be convenient to
reformulate the boundary-value problem. In this section we consider flow about a
single sphere on the basis of the linear equations (2.7). The thin-boundary-layer effect
is not treated explicitly, except in the calculation of the force exerted by the fluid on
the sphere, where we shall use a slight generalization of (2.12). In this manner friction
is included in the calculation.

For simplicity of notation we shall often omit the subscript v, it being understood
that we are dealing with a single Fourier component at frequency w. We consider the
potential flow problem for a single sphere centred at the origin. It follows from (2.3)
that the potential due to its velocity U is given by

3

‘INI o

$y(r) =10’5-U, r>a. (3.1)

In the statistical averaging procedure to be applied in the many-sphere problem it
is convenient to deal with equations valid everywhere in space. We specify the
potential inside the sphere as

¢(r)=¢gylr)=—r-U, r<a. (3.2)
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Hence Laplace’s equation is satisfied everywhere, except on the surface of the sphere.
It is easily seen that the normal derivative of ¢ is continuous across the surface, but
that ¢ itself is discontinuous. Hence we can write

V¢ = 4nod’ (r—a), (3.3)
where o must be chosen such that
Dlor — 9l = 4wo. (3.4)

In electrical language o may be identified with the radial component of a surface
polarization PS (Jackson 1962). Explicitly

P$=0, P¥=go. (3.5)
For the potential ¢, (r) given by (3.1) and (3.2) we find
3a
PS -2 7. j .
u=g-ff U (3.6)

The dipole moment of the sphere is given by

pu=1*U (3.7)
in agreement with (3.1).
In the presence of an incident flow v, = — V¢, we obtain the total potential
P(r) = du(r)+ Bo(r) + bina(r). (3.8)

The potential ¢,(r) satisfies Laplace’s equation and may be expanded in spherical
harmonics,

¢0(f) = ZAlm rt Ylm(e’w) (39)
Im

The induced potential ¢,,4(r) precisely cancels ¢, for r < a, and for r > a has the
harmonic expansion

¢ind(r) = ZBlm r_l_lylm(a,(p)a r>a. (310)
im

By use of the kinematic boundary condition (2.1) we find

21+1

l a
Po+ Pina = lZAlm ["+l+—”17] Y.(0,9), r>a
m

=0 r<a. (3.11)
Hence the induced surface polarization is given by
1 20+1 .
Tna = ElZm 741 Am a' Y (0,9) F. (3.12)

In particular, if the sphere is placed at rest in a uniform flow v,, then a surface
polarization

3a ..
P, = ~an't" % (3.13)

is induced. The corresponding dipole moment is
Pina = —10%0,. (3.14)
The total dipole moment for a moving sphere in an incident flow v,(r) is given by

P = 303(U—1,(0)). (3.15)
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The higher-order multipole moments may be expressed in terms of the derivatives of
the incident flow velocity v,(r) at the origin.

If an external force E is applied to the particle, then in the absence of an incident
flow it acquires a velocity Uy, which may be calculated from (2.14). The
corresponding dipole moment is

Pr=agE (3.16)
with polarizability
-1 .
*e= iw(m,+2mp)—2§a ) (3-17)
In an incident flow v, = — V¢, the linearized equation of motion for the particle
becomes (Felderhof 1976)
[—iw(my+ Ymy) + £ U = E— (Giwm,—) 0,(0), (3.18)
a slight generalization of (2.14). Hence the total dipole moment may be written as
P =pg+p, (3.19)
with p given by
B = dny(0), (3.20)
with polarizability
= = my) o (3.21)

iw(m,+2m;)—2¢"

as follows from (3.15) and (3.18). The surface polarization may be decomposed in
similar manner,

PS = PS4 PS, (3.22)
where P3 is given by
3a
s — °%E 2o
P = Pl E (3.23)

and PS = P$,+ PS ,— P% is linear in v,(r). In our theory the effect of friction appears
only in the polarizabilities ay and 4.
Finally we note that with the polarization

P(r) = P5()8(r—a) (3.24)
and the velocity field v = — V¢ we may define the vector field
u=ryop+4nP: (3.25)

In the electrical analogy u is the dielectric displacement. Hence the fields u and v
satisfy the equations
V-u=0, Vxov=0. (3.26)

These equations remain valid in the case of many spheres. The above concepts are
useful in the study of hydrodynamic interactions between spheres.

4. Hydrodynamic interactions

We consider N identical spheres immersed in an incompressible fluid of infinite
extent. The spheres make small movements about positions R,,..., R, caused by
applied forces E|(f),...,Ey(t) and by an irrotational flow p,(r,#) incident from
infinity. The fluid velocity »(r,t) and the pressure p(r,t) are assumed to satisfy the
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linear equations (2.7). We do a Fourier analysis in time and consider the limit of high
frequency at fixed viscosity so that /wpa? is a small parameter. We neglect the thin
boundary layer surrounding each sphere, except in its effect on the force exerted on
the sphere by the fluid. Thus the whole flow is irrotational and we may put

Voo = —V¢0m’ v, = _V¢w (41)

This reduces the problem of hydrodynamic interactions to a problem in potential
theory.

We employ the device introduced in the preceding section and describe the effect
of each sphere on the flow in terms of a surface polarization. The potential ¢ and the
flow velocity v inside each sphere follow from its translational velocity. The total
polarization is given by

N N
P(r) = X B(r) = X Pj(r)§(r— R —a). (4.2)
=1 I=1
The corresponding potential is
r—r
¢(r) = ¢o(r)+ Ir—_‘—;,—l—:; . P(r’) dr’. (43)

Each surface polarization P§ is decomposed as in (3.22) with P§; given by
(Bag/4na®) FF - E,,

and P,S linear in the flow pattern incident on sphere j.
The flow velocity may be expressed as

v(r) = vo(r)+fGo(r—r’) - P(r)dr, (4.4)

with a Green’s function which follows by differentiation of (4.3). The integral in (4.4)
must be interpreted as

fGo(r—r’) - P(rydr = ———P j G,(r—r'). P(r')dr (4.5)

where the symbol & on the second integral indicates that an infinitesimal sphere of
radius & centred at r must be excluded from the integration. The flow pattern acting
on sphere j may be expressed as

vi(r) = vy(r)+ X | Go(r—7') - B(r)dr'. (4.6)

k+]

The polarization on sphere j is given by
B = B+ [MUir,r) - () 8 @)

with a linear operator M(j) which may be found from (3.22). Substituting (4.6) we
find that the polarization P(r) may be expressed in terms of a multiple scattering
expansion with propagation between successive particles described by the Green’s
function G,.

For mathematical convenience we assume that the applied forces {E;} may be
derived from a vector field E(r), independent of the configuration R,,...,Ry,
according to the rule
E;, = E(R fE(r d(r—R;)dr. (4.8)
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It is clear that the total polarization P(r) is linear in the field E(r) as well as in the
incident flow vy(r), and may therefore be written

P(r)= JTME(r, r;R,,...,Ry) - E(r’)dr’+JTMM(r, r';R,,....,Ry) - v(r)dr (4.9)

with linear operators T,,, and T,,,, dependent on the configuration. In shorthand
notation
P=T,g - E+Tyy v, (4.10)

The operators Ty, and Ty,,, may each be expressed in terms of a multiple scattering
expansion.

We have arrived at a description which is formally analogous to that encountered
in creeping-flow hydrodynamics (Felderhof 1988). We proceed in the same way and
arrive at a macroscopic description by averaging the equations over a probability

distribution P(R,, ..., Ry) which is assumed known. We assume that the spheres are
distributed approximately uniformly in a volume £2. Thus we find, by averaging
(10 (P> = (Tygd - E+ Ty - 0y (@.11)
From (4.4) we find for the average flow velocity

(0> =0v,+ G, - {(P). (4.12)

Hence it follows that the average flow velocity satisfies
V- (o) =—4nV-(P), Vx{v)=0. (4.13)
By use of the definition u = v+4nP, as in (3.25), we may rewrite these equations as
V. (u)=0, Vx{v)=0. (4.14)

Substituting (4.12) in (4.11) and eliminating v, we find
Py =Xyg " E+Xpppy <), (4.15)

with the linear operators

Xpre = I+ Tand Go) 7 M)y Xm = Tagar) T+ GolTyyp?) ™ (4:16)

The corresponding kernels are short range in the difference » —7’, in contrast to the
kernels Ty, z and T, ,,. Thus the relation (4.15) is local in nature, in contrast to (4.11).

We are also interested in the motion of the particles and therefore consider the
particle current density, defined by

N
J(r;R,,...,Ry) = 3 U,8(r—R)). (4.17)
F=1

The current density is also linear in E(r) and v,(r), and therefore we have, in analogy
to (4.10),

J=T,g-E+T; - v, (4.18)
Averaging this equation we obtain
I =<Tye> - E+LTyp0 - 0o (4.19)
Substituting (4.12) and eliminating v, we find
(I =Xy - E+X 3,0 (4.20)

with the linear operators

Xoe=<Ted>—Xou GolTyed, Xy = (Topd I+ G Ty ) (4.21)
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Again the corresponding kernels are short range in the difference r—r’. We have
shown in earlier work (Cichocki & Felderhof 1988a) that the kernels may be
evaluated from a renormalized cluster expansion.

5. Transport coefficients

In this section we consider a situation where the macroscopic fields show a slow
spatial variation. Correspondingly the short-range transport kernels X, z, ..., X, ;.
given by (4.16) and (4.21) may be replaced by delta-functions with prefactors which
may be identified as transport coefficients. One may derive exact expressions for the
transport coefficients by taking the thermodynamic limit N — c0, £ - oo at constant
density » = N/£2. In this limit the transport kernels become translationally invariant.
We shall not carry out the procedure in full detail, because the present problem can
be related to a corresponding dielectric problem. The theory of the dielectric constant
of a polarizable suspension within the framework of the renormalized cluster
expansion has been worked out in detail in Cichocki & Felderhof (19885).

The relation to the dielectric problem becomes evident if we note that all
intermediate scattering processes involve the single-body polarization operator M,
defined in (4.7). In electrical language this operator describes how a sphere is
polarized by an incident electric field, which may be identified with the acting field
v*(r). The response is characterized by a set of multipole polarizabilities {a,} for | =
1,2,.... From (3.11) and (3.20) we find that these polarizabilities are given by

;la”“ for 1=2,3,.... (5.1)

t=d a=

The multipole polarizabilities a, for [ > 2 are identical with those for a sphere of
vanishing dielectric constant in vacuum. The dipole polarizability differs because it
contains a contribution due to the velocity of the freely moving sphere caused by the
incident flow. A collection of spheres with the given probability distribution and with
given single particle polarizabilities has a perfectly well-defined dielectric constant e.
In our case the polarizabilities are specified by (5.1). The transport coefficients of
interest in the present problem may be expressed in terms of the dielectric constant.
These relations are exact and therefore a calculation of the transport coefficients is
reduced to a calculation of the dielectric constant of the corresponding dielectric
system.

1t is well known that the dielectric constant of an isotropic system of polarizable
spheres is well approximated by the Clausius—Mossotti (CM) formula

ecm—1

=i1t ‘_ 52
ecm+2 aTtna (5.2)

It therefore makes sense to use this as a first approximation and to express the results
in terms of the deviation from the Clausius—Mossotti value. The CM-formula (5.2) is
based on Lorentz’ approximation to the average local field acting on a selected
particle. According to Lorentz this field is approximated by

v, = {v) +ind P}, (5.3)

where {v) is the average Maxwell field in electrical language. The exact expression
for the average local field may be written

F= (o) +3my<(P, (5.4)
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where the coefficient 7y expresses the correction to the Lorentz value. The
corresponding exact expression for the dielectric constant is

4nna
=1 .
€ +1—(41t)nay’ (5.5)
or equivalently
e—1 (3m) na (5.6)

e+2  1—(Emnd(y—1)

In earlier work on the dielectric constant (Cichocki & Felderhof 19885) we have
expressed y as
y=1+A+s, (5.7)

and have derived exact statistical mechanical expressions for the coefficients A and
3

We now express the transport coefficients of the hydrodynamic problem in terms
of the coeflicient y. We begin by noting that in the long-wavelength limit the average
polarization may be identified with the average dipole density,

(P(r)) =~ {Xp;8(r—Ry)>. (5.8)
!
In a generalization of (3.15) the dipole moment of sphere j is given by
p; = 12’[U;— v}(R))]. (5.9)
Hence we obtain in the long-wavelength limit
(P) = §a’[{J>—nF]. (5.10)
Substituting the average local field from (5.4) we therefore find
a3
(Py =g KD —n(D)], (5.11)

where @ = (41) na® is the volume fraction occupied by spheres. The relation (5.11) is
exact in the long-wavelength limit.
A second expression for the average polarization may be derived from the relation

Py = ap Ej+do(R,), (.12
Hence we obtain in the long-wavelength limit
(P> = naz E+ndF. (5.13)
Substituting from (5.4) we find
(PY = yE+«{v), (5.14)
with coefficients
x = neg[l—3nnay]™!, « =na[l—innay] ™t (5.15)

Again the relation (5.14) is exact in the long-wavelength limit.
Equating (5.11) and (5.14) and making use of (3.17) and (3.21) we find the relation

[_ iw(mp + ma) + ga] <J¢u> = nEm+ [_iw(ml’ +ma) + ga.] n <vw>’ (5 16)

where the added mass m, is given by

m, = ——my, (5.17)
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and the effective friction coefficient §, by

_ 2
T 24yp

& g. (5.18)

The relation (5.16) may be regarded as a generalization of the single-particle
equation of motion (2.14) to a macroscopic equation of motion for the many-particle
system.

To conclude this section we note that substitution of (5.14) into (4.14) yields

V. [ev,>]=—4nV - (xE), (5.19)

where we have used the relation
€ =1+4nk, (5.20)

which follows from (5.5} and (5.15). 1t is evident from (5.19) that in general the
relation between {(v(r)) and E(r) is highly non-local. The determination of {(v) for
given E in finite geometry is equivalent to the solution of a problem in electrostatics.

6. Average equations of motion

In this section we study the average equation of motion (5.16) in more detail. The
equation is exact in the long-wavelength limit, with transport coefficients m, and &,
given by (5.17) and (5.18), where the coefficient ¥ must be found from the equivalent
dielectric constant by use of (5.5).

We define the average particle velocity U, and the mass-averaged fluid velocity V,
with the equations

Ay =nU, <u)=eU+(1-¢)F¥, 6.1)

Both U, (r) and ¥V, (r) are velocity fields with slow spatial variation. The field {u,)
may be identified with the average volume velocity field of the mixture.
By use of (3.25) and (5.11) we find

(P = %(Uw— v,). 6.2)

Using also (6.1) we may cast (5.16) in the form

—iwm, U, +|—ivmy+¢{ 1 (U,— V) = E,—iom, V,, (6.3)
with the virtual mass
1=
mv—2—3(p+y(pm' (6.4)
and the corresponding friction coefficient
2(1-9)
=———C 6.
O e (6.5)

The equation of motion (6.3) may be cast in several different forms. First we note
that it follows from (3.25), (6.1) and (6.2) that

my(V,—<v,») =pmy(U,—V,). (6.6)

7 FLM 225
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We recall that we have continued the field v (r) inside the particles where it is
identical with the translational velocity. Correspondingly we may also continue the
pressure inside the particles and define it from the equation

iwpy,, = Vp,. (6.7)
This equation now holds everywhere in space. Averaging (6.7) and substituting in

(6.6) we obtain
—iwp¥, = —V{p,> —iwnmy(U,— ¥,). (6.8)

Using this on the right-hand side of (6.3) we may rewrite that equation as
—iwm, U, +[—io(1 —g)my +&,1(U,— ¥,) = E,—$1a*V{p,). (6.9)

This equation is similar to equations of motion derived by Drew (1983) and by Geurst
(1985, 1986). We note that (6.8) may be regarded as the average equation of motion
for the fluid. By linear combination of (6.8) and (6.9) we find

_lw[(l +(pCV)mp+(1 _‘P) mt’](Uw— V:.))+§V( Uw_ Vr:p)= Ew_%naa%gv<pw>’
f

(6.10)

where the virtual-mass coefficient Cy is defined as Cy = m,/m,. The last term on the
right may be regarded as a buoyancy force. We emphasize that the above equations
must be used in combination with (4.14) and (5.19).

A slightly different form of (6.3) may be derived in terms of the velocity difference

U—<uy = (1-g)(U-P). (6.11)
This leads to
—iwmy, U, +[—iom} + &1 (U,— <)) = E,—iom, ¥, (6.12)
with transport coefficients
, _ My , _ &
my= 1T G=1ig (6.13)

The form (6.12) may be compared with equation (7.4) of Biesheuvel & van
Wijngaarden (1984). We recall that the Levich value 12n5a for the friction coefficient
¢ follows by use of the perfect-slip parameter ¢ = oo in (2.13).
Yet another form of the equation of motion is
—iwm, U, +[—iwm + {1 (U, —<u,)) = E,—iom{u,), (6.14)

with the virtual mass

1+3p—yp
=0 .1
my =5 m my, (6.15)
and the corresponding friction coefficient
b= = 5t (6.16)
UV T 2 3p+ypp” '

One may derive (6.14) from (6.12) by use of (6.11). We use the subscript L, because
the same transport coefficients appear in the longitudinal equation of motion to be
derived shortly. The equation of motion (6.14) is closely related to equation (4.12) of
van Wijngaarden (1976), who considered in particular m, = 0.
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The relations (6.13) and (6.15) imply that one must be careful in comparing values
for the virtual mass appearing in the literature. From (6.4) we find that the virtual-
mass coefficient Cy = m,/m,; has the exact expression

_ 1=y
CV——2_3¢+W). (6.17)

We note that if y is approximated by the Clausius—Mossotti value y = 1, then the
virtual-mass coefficient Cy takes the value }, independent of the volume fraction.
Similarly we define the virtual-mass coefficient C;, by means of the relation m; =
Cr,m;. From (6.15) and (6.17) we find the relation

Cy=(1-¢)CL—e. (6.18)
The friction coefficient {; may be written

2140y

G =31+CE =37

¢ (6.19)

We compare with an expression for the virtual mass derived by Zuber (1964) from
a cell model. It is instructive to repeat his calculation within our present framework
and to include friction. Consider a spherical particle at the centre of a sphere of radius
b and under the influence of a small force E. The resulting flow has the potential

sn=L"_4., (6.20)

,',2

From the boundary condition v, =0 at r =25 it follows that 4 =—2p/b® We
substitute this in the two equations

p=azE+dd =1a3(U—A). (6.21)
Eliminating p we obtain
. . b3+ 2a? b?
[—wmp—lw%mf P +§b3—a"] U=E. (6.22)

Choosing the radius b such that a®/b® = @ we find Zuber’s induced mass

1+
and the corresponding friction coefficient
¢
=—. 6.24
=1 (6.24)

It is clear from the above derivation that Zuber’s induced mass cannot be identified
with the virtual mass my, since in the defining equation (6.22) the fluid velocity does
not oceur.

We can define an induced mass without the limitations of the cell model by use of
(6.19). We consider a suspension of infinite extent which on average is uniform and
impose a plane-wave force field

E(r,t) = E, exp(iq - r—iwt). (6.25)

7-2
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It follows from (5.19) that in the long-wavelength limit the corresponding velocity
field has amplitude

47X .4
v, ——quq-E . (6.26)

qu
More explicitly we find from (3.21) and (5.5) that

[ —iwmq(1 + 3¢ — yp) — iwmy(2 — 3¢+ yp) + 201 <v,,> = — 394§ - E,,.  (6.27)

Substituting this in (5.16) we obtain for the longitudinal component of the particle
current density

[_iw(mp+mL)+€L] éé ) <Ju;> = néé : Eqw? (628)
with m [, given by (6.15) and {; by (6.16). The corresponding transverse relation reads
[_iw(mp+ma)+€a] (I_qq < (u> = n 1 qq) E (629)

If v is approximated by the Clausius—Mossotti value y = 1, then m; becomes
identical with Zuber’s expression (6.23) and {; becomes identical with (6.24). As one
would expect the cell model yields a mean field result.

We note that (6.27) may be written alternatively as

-3 .,
— 44 E_,. 6.30

By means of (3.25), (6.1), (6.2) and (6.28) this may be seen to be consistent with
(4.14). The latter equation implies that the longitudinal component of the mean
volume flux q - {u,,> vanishes.

One-dimensional motions in the direction of the wavevector are purely longi-
tudinal. For such motions we may cast (6.28) in the alternative form

[ - iw(mp + mL) + gL] 44 * <vqw> =

[—iw(m,+m)+§ U, = E, (6.31)

qu’

where we have used the notation U;‘m =4-U,, Comparlng this with Batchelor’s
equation of motion (2.15) for a fluidized bed (Batchelor 1988) we see that his virtual-
mass coefficient C(p) must be identified with Cp, = m/m,.

Finally we note that for longitudinal motions we may use the equation {u*) =0
to cast the particle equation of motion (6.31) in the form

—iwm, Uy +[ —iwm, + & 1 (1—@) (UL, — Vi) = (6.32)

qw

The above analysis shows that the equations may be written in a variety of
different forms. The restriction to one-dimensional flow introduces transport
coefficients m; and §;, which differ from the coefficients m, and {, appearing in the
three-dimensional equation of motion.

7. Numerical results

In the preceding sections we have derived exact expressions for the transport
coefficients my,, &,, m; and {, in terms of the parameter y defined in (5.4). In order
to find numerical results for y we must study the dielectric constant of a static system
of spheres with polarizabilities given by (5.1). In this section we evaluate y exactly
to first order in the volume fraction. Also we propose a scheme which allows
approximate calculation of y even at high volume fractions.
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First we consider the low-density value of the coefficient y. We write
vy=1448, &=20,+0(@). (7.1)

The low-density value d, may be evaluated exactly from the solution of a pair
problem. From equations (3.35), (5.15) and (5.16) of Felderhof, Ford & Cohen (1982)
we find

a®\2 (@ \ 0 a
6= (%) || arram| @+ 20, -3(5)| (7.2)

where g,(R) is the low-density value of the pair correlation function, and a,,(R) and
a,,(R) are distance-dependent amplitudes which follow from the solution of the pair
problem. We shall consider hard-sphere statistics, so that the pair correlation
function is given by

golR) = (R —2a). (7.3)

According to equation (3.11) of Felderhof et al. (1982) the amplitudes a,,(R) and
a,,(R) are found as solutions of the set of equations

X Miay, =6, l=12,.. m=0,1, (7.4)
V=1
a2l+l l+l/ a I+U'+1
where M;'ll' = T{(S”,— (— l)m (l+m) (E) . (75)

In our hydrodynamic problem a, = &, and the multipole polarizabilities c, for I > 2
are given by (5.1). We follow the procedure of Felderhof et al. (1982) and write &, as
the sum

8y = Sop + Fons (7.6)

where &, is the value found in the dipole approximation, and &,y represents the
correction from the higher-order multipole moments. In the dipole approximation
one finds

8a®+ 4
dop = 2log 3 —24" (7.7)
The correction from higher-order multipoles is given by
a3 2 (fo
Som = (g) f dR R?g,(R) [b1o(R) +2by,(R)] (7.8)
2a

with the functions b,,,(R) defined by
blm =0ym— (Mﬁ)—l (79)

The functions may be evaluated from equations (5.9)—(5.11) of Felderhof et al. (1982).
From those equations it follows that the functions a,, may be expressed in terms of
the solutions a},, of a related problem with modified dipole polarizability a;, but with
the same multipole polarizabilities a, for I > 2. Using the abbreviation M,, = M7 we
find

Gy = Wi+ (M = M) a5, T (7.10)

In the present case it is of interest to choose aj = —1a®. Then the related dielectric
problem concerns a system of perfectly insulating spheres, i.e. spheres with vanishing
dielectric constant embedded in vacuum. For that system the integral (7.8), with
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ﬂ BOD BOM 60 kV kL
—0.5 —0.122 —0.095 —0.216 0324 3324
—-04 —0.098 —0.095 —0.193 0.289 3.289
-03 —0.074 —0.095 —0.169 0.253 3.253
-0.2 —0.049 —0.096 —0.145 0.218 3.218
—-0.1 —0.025 —0.096 —0.121 0.182 3.182

0 0 —0.097 —0.097 0.145 3.145

0.2 0.051 —0.098 —0.048 0.072 3.072

0.4 0.103 —0.100 0.002 —0.004 2.996

0.6 0.157 —0.103 0.054 -0.081 2919

0.8 0.212 —0.106 0.106 —0.159 2.841

1.0 0.270 —-0.110 0.160 —0.241  2.759

TaBLE 1. Table of coefficients 8., &, and their sum &, for various values of the mass parameter
B = (m;—m)/(m,+2m,). We also list k, = —36, and &k, = 3—%4,

b, (R) replaced by b1,,(R), has already been evaluated. We denote the corresponding
coefficient as 3. By comparison with (5.1) we see that this coefficient is identical
with &5y in the limit m,/m; = co.

In our numerical calculations of &, we consider the limit of vanishing viscosity. In
table 1 we list the values of 8,p, &y and their sum §, for a range of values of the
parameter

s [a m;—m
= | — = £ . . 1
B (aa)”_o —me T2m, (7.11)
We also list the value of the product k,, = —36, which appears in the expansion of the

virtual-mass coefficient Cy, = my/m, in powers of the volume fraction
Cy = 31-38,9+0(")], (7.12)

as follows from (6.17). We note that the case of gas bubbles may be identified with
the limit m, = 0, i.e. # = 1. Furthermore we list the value of the product k;, = 3—34,
which appears in the expansion of the coefficient

Oy = H1+(3=8) 9+ 0], (7.13)
as follows from (6.18).

As shown below (6.16), van Wijngaarden’s (1976) virtual-mass coefficient should
be identical with ', for m, = 0. Thus his coefficient k should equal 3 —$63, where the
superscript indicates that m;, = 0. A comparison with the corresponding entry in our
table for & yields k] = 2.759, in good agreement with van Wijngaarden’s value 2.78.
Apparently van Wijngaarden uses the equivalent of (7.10) in his derivation. In later
work (Biesheuvel & van Wijngaarden 1984) the value of the coeflicient was corrected
to 3.32, which seems to correspond to the value 3.324 for m, = oo in our table.

In order to obtain an approximate expression for the coefficient &, applicable at
high density, we appeal again to the theory of the dielectric constant. We first
consider a system of spheres of dielectric constant ¢, embedded in a medium of
dielectric constant ¢;,. The geometrical distribution is assumed to be the same as
before. The effective dielectric constant e* of this system is given by an expression
similar to (5.6):

e*—e, - By
€*+2¢, 1—pe[A(B)+ u(p)

(7.14)



Virtual mass and drag in two-phase flow 193

e Ol 0.2 0.3 0.4 0.5

& 0021 0040 0.059 0.084 0.141
s, 00192 0.0276 0.0282 0.0235 0.0161

TABLE 2. Values of the three-point parameter ¢, and the Kirkwood—Yvon coefficient s, for various
values of the volume fraction ¢

with reduced polarizability g given by

€2—6

- € +2¢,’ (7.15)

B

and with coefficients A{(#) and u(f) appropriate to this particular system. To first
order in £ the sum A(f)+ u(f) is given by

A+ 4 =9KB /2, (7.16)

where K is a correlation integral involving two- and three-particle correlation
functions (Felderhof 1982). It is related to the three-point parameter {, introduced
by Beran (1965) for general two-phase geometries by

K=p(1-9)&, (7.17)

The correlation integral K depends only on the geometrical distribution of spheres
and is independent of their dielectric properties. In table 2 we list the values of {, for
various volume fractions, as calculated by Torquato & Lado (1986) for a system of
identical spheres with hard-sphere statistics. According to Torquato (1985)
substitution of the approximate value (7.16) in (7.14) provides a highly accurate
expression for e*.

The multipole polarizabilities (5.1) for [ > 2 in the hydrodynamic system are
identical with those of the dielectric system with ¢, =0 and ¢, =1, but the
hydrodynamic system has dipole polarizability & = fa?, rather than a; = —3a3. This
implies that the dipole contribution to the correlation integral K is modified. From
the structure of the correlation integral K it follows that a reasonable approximation
to the coefficient 6 = A+ in our hydrodynamic problem is given by

8~ —HK—Kp)/p*+6f), (7.18)

where K, is the dipole approximation to K, and ()’ is the value of & calculated in
dipole approximation to first order in &. These coefficients are given by

Kp =389, 08 =s,d/pa’, (7.19)

where s, is given by the so-called Kirkwood-Yvon integrals for a system of
polarizable point dipoles. The coefficient s, has been evaluated recently by computer
simulation of a hard-sphere system at several volume fractions (Cichocki & Felderhof
1989). We list a number of values in table 2. Combining (7.17)—(7.19) we find the
approximate value for 4:

__l1-9, s a
Bapp = - §2+2(p[1+2a3]. (7.20)
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AN
)i \ 0+ 0.1 0.2 0.3 0.4 0.5
—05  —0211 —0.89 —0.160 —0.138 —0.126 —0.141
—04  —0.18 —0.170 —0.146 —0.128 —0.120 —0.138
—03  —0.161 —0.51 —0.132 —0.119 —0.114 —0.135
—02  —0.36 —0.31 —0.119 —0.109 —0.108 —0.131
—01  —0.111 —0.112 —0.105 —0.100 —0.103 —0.122
0 ~0.086 —0.093 —0.091 —0.091 —0097 —0.125
02  —0.036 —0055 —0063 —0072 —0085 —0.118
0.4 0014 —0016 —0.036 —0053 —0073 —0.112
0.6 0.064 0022 —0.008 —0034 —0061 —0.106
0.8 0.114  0.061 0.019 —0015 —0.050 —0.099
1.0 0.164 0099  0.047 0003 —0.038 —0.093

TaBLE 3. Values of the approximate value §,,, of the coefficient J, as given by (7.20), for various
values of the mass parameter f and the volume fraction ¢

In table 3 we list &, for five volume fractions and eleven values of &/a® in the limit
of vanishing viscosity for a system with hard-sphere statistics. The low-density value
of the above expression is (Felderhof 1982)

A

7 14
-—3 ~ —0. 08568+—— (7.21)

6app,0 = - Eln3

We find good agreement with the values of 8, listed in table 1. This gives confidence
that (7.20) also provides a good approximation to & = y—1 at high volume fractions.

8. Discussion

We have shown above that the virtual mass and drag coefficient of a fluid
suspension consisting of spherical particles immersed in a nearly inviscid fluid may
be expressed exactly in terms of the effective dielectric constant of a related
suspension with particular electrical properties and with the same geometrical
distribution. We have derived average equations of motion for the fluid suspension
by the method of ensemble averaging. In the averaging we have assumed an isotropic
distribution.

The linearized equations of motion on the macroscopic scale are given by (4.14),
(5.19), (6.1), (6.3), (6.6) and (6.8). The transport coefficients ¢, x, my and {y in these
equations are local quantities. That is, they may be evaluated in terms of the local
volume fraction and the particle distribution functions. Thus our equations may be
extended without difficulty to spatially non-uniform suspensions.

The relation between the imposed force field E, (r) and the resulting velocity fields
is highly non-local. In order to find the velocity fields one first determines the average
field (v (r)> from (4.14) and (5.19). Subsequently one finds the particle velocity field
U,(r) from (5.16) and (6.1), which may be combined to give

[—iw(my+m) + &1 U, = E, +[ —iw(m,+m,) + ] <v,>. (8.1)

Finally one finds the fluid velocity field ¥,(r) from (6.6), which may be rewritten as
1 eCy

V=—_ U, 8.2

= Trgly % T Trgn, U 6.2)
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The non-locality arises in the connection between (v, > and E,. The remaining
relations (8.1) and (8.2) are local. In non-uniform situations the relation between
{v,> and E, strongly depends on the geometry, just as in Maxwell theory.

In formulating the above relationships we have used local transport coefficients on
the basis of a long-wavelength approximation. As we have shown in §4, more
generally the theory leads to short-range transport kernels. In principle the
corresponding wavevector-dependent transport coefficients may again be studied by
use of the dielectric analogy.

It is evident from the theory developed above that a macroscopic description of
the two-phase system involves transport coefficients which can be evaluated only on
the basis of a microscopic picture. We have limited ourselves to a linear theory, so
that we describe small deviations from rest. However, once the transport coefficients
have been found, we may use them with confidence in nonlinear equations of motion.
In this regard the situation is similar to the hydrodynamics of simple liquids (Hansen
& McDonald 1986). The transport coefficients of viscosity and heat conductivity of
a simple liquid may be evaluated on the molecular level from linear response theory.
Subsequently these coefficients are used in the complete set of nonlinear
hydrodynamic equations.

Our linear response approach leads to transport coefficients m, and {, which are
frequency-dependent. We have treated the group 7/wpa® as a small parameter and
to be consistent we must finally expand in powers of this parameter. The first-order
term in the expansion of the virtual mass may be regarded as a contribution to the
effective friction coefficient.

Finally we emphasize that our description of hydrodynamic interactions in nearly
inviscid fluids may also be used in the study of the dynamics of two or more particles.
For any configuration R, ..., R, of N particles our formalism allows the calculation
of a configuration-dependent mass matrix and friction matrix. One finds these
matrices by considering the high-frequency limit in the response to oscillatory
applied forces for the given configuration. Once the matrices have been determined
one can construct the full nonlinear equations of motion.

I thank Dr G. H. Jansen for his help in the numerical work and Dr G. Ooms for
stimulating discussions.
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